In this article, the vibrational analysis of temperature-dependent cylindrical functionally graded (FG) microshells surrounded by viscoelastic a foundation is investigated by means of the modified couple stress theory (MCST). MCST is applied to this model to be productive in design and analysis of micro actuators and micro sensors. The modeled cylindrical FG microshell, its equations of motion and boundary conditions are derived by Hamilton's principle and the first-order shear deformation theory (FSDT). For the first time, in the present study, functionally graded length scale parameter which changes along the thickness has been considered in the temperature-dependent cylindrical FG microshell. The accuracy of the present model is verified with previous studies and also with those obtained by analytical Navier method. The novelty of the current study is consideration of viscoelastic foundation, various thermal loadings and size effect as well as satisfying various boundary conditions implemented on the temperature-dependent cylindrical FG microshell using MCST. Generalized differential quadrature method (GDQM) is applied to discretize the equations of motion. Then, some factors are investigated such as the influence of length to radius ratio, damping, Winkler and Pasternak foundations, different temperature changes, circumferential wave numbers, and boundary conditions on natural frequency of the cylindrical FG microshell. The results have many applications such as modeling of microrobots and biomedical microsystems.
Introduction
Because of simple manufacturing and great strength to weight ratio, the use of cylindrical shell structures prevails in many industries. Material of the cylindrical shell model has a direct effect on its vibrational behavior. Cylindrical functionally graded (FG) microshells are being used in different fields of aerospace and mechanical engineering; they can be utilized in environments with high temperatures. Cylindrical FGM shells are also used in such a wide range of applications including pressure vessels, oil pipes, automotive components and nuclear power reactors.
Thermal and mechanical buckling of cylindrical FGM shells under the effect of geometrical imperfections with different types of loadings were investigated by Refs [1] [2] [3] [4] ; their equations are based on the first-order shell theory and Sanders' kinematic equations. Their results demonstrate that the critical temperature difference for the functionally graded cylindrical shell is generally lower than the corresponding value for the isotropic cylindrical shell. This critical temperature difference for the cylindrical shell under nonlinear temperature difference is greater than that under linear temperature difference through the thickness.
Shen [5] studied the post-buckling of a shear deformable functionally graded cylindrical shell with finite length resting on an elastic foundation and under axial compressive loading in thermal environment. Shen also studied [6] torsional buckling and post-buckling of FGM cylindrical shells with thermal loading. Malekzade and Heydarpour [7] investigated free vibration of rotating functionally graded cylindrical shells in thermal environment according to the first order shear deformation theory of shells with temperature-dependent material. Malekzadeh et al. [8] presented a study on free three-dimensional vibration of truncated conical functionally graded shells with temperature dependent material properties investigating the effects of the thickness-to-mean radius ratio, the length-to-mean radius ratio and the power law index. They found that by increasing one of these parameters, the natural frequency increase. Najafizadeh and Isvandzibaei [9, 10] studied free vibration of thin FGM cylindrical shells with ring support using Ritz method based on the first order and higher order shear deformation shell theories. An analytical approach [11] to analyze the vibration and nonlinear dynamic response of imperfect S-FGM thick circular cylindrical shells resting on an elastic foundation using the third order shear deformation shell theory has been presented by Duc et al. and Tornabene et al. [12] . They studied free vibration and thermal buckling behavior of moderately thick functionally graded materials (FGM) structures including plates, cylindrical panels and shells in thermal environments.
Ghadiri and Safarpour [13] investigated free vibration analysis of a functionally graded (FG) porous cylindrical micro shell subjected to a thermal environment. They considered the effects of material length scale parameter, temperature changes, volume fraction of the porosity, FG power index, length, axial and circumferential wave number. Vibration analysis of CNT-reinforced functionally graded composite cylindrical shells in thermal environments presented by Zhang et al [14] . Jooybar et al. [15] modeled functionally graded truncated conical panels to analyze the influences of initial thermal stresses, temperature dependencies of the material properties and parameters of geometry on characteristics of free vibration. Since the viscoelastic foundation is so useful in modeling a lot of structures such as biomechanical-systems, they have been important for researchers in recent years. Daneshmand et al. [16] presented instability analysis of carbon nanotubes conveying fluid surrounded by a linear viscoelastic Winkler foundation. They [17] also considered small-scale effects on vibration of non-uniform carbon nanotubes conveying fluid and subjected to viscoelastic foundation. Under these conditions, they analyzed [18] in plane vibration of curved carbon nanotubes. Lei et al. [19] investigated vibrational characteristics of double-walled carbon nanotubes resting on a viscoelastic medium. Based on the nonlocal Euler-Bernoulli beam theory [20] , vibration characteristics were investigated for a horn-shaped single-walled carbon nanotube (SWCNT) exposed to a longitudinal magnetic field and surrounded with a viscoelastic foundation. The novelty of the current study is consideration of viscoelastic foundation, various thermal loadings and size effect as well as satisfying various boundary conditions implemented on the temperaturedependent cylindrical FG microshell using MCST. Because of the efficiency and high accuracy of generalized differential quadrature method (GDQM). This method is employed to solve the governing equations with multiple kinds of boundary conditions. FG cylinders normally are modeled and analyzed along their thickness while the outer surface is metal and the inner surface is ceramic. For the first time, the present study considers the size dependency of the transverse vibration of a temperature-dependent cylindrical FG microshell using the modified couple stress theory. The governing equations and boundary conditions have been developed using Hamilton's principle and are solved with the aid of GDQM. The results show that, material length scale parameters, stiffness and damping of the visco-Pasternak foundation, length to radius ratio, radius to thickness ratio, FG power index and boundary conditions play important roles on natural frequency of cylindrical FG microshell in thermal environments.
Preliminaries

Temperature-dependent cylindrical
FG microshell equations Figure 1 illustrates a temperature-dependent FG cylindrical microshell subjected to a viscoelastic foundation. The thickness, length and the middle surface radius of cylindrical shell are denoted by h, L and R respectively. The FGM microshell is generally composed of two different materials at inner and outer surfaces. It is assumed that bulk elastic modulus E(z), mass density ρ(z), Poisson's ratio v(z) and coefficient of thermal expansion α(z) change along the thickness direction based on the power law distribution. Note that, in FG cylindrical microshells, the material length scale parameter l(z) is assumed to be a function of the thickness. The variation of material properties across the FG microshell thickness is determined by power FG index (F). Assuming that the inner surface is ceramic and the outer surface is metal which respectively are denoted by c and m, the mechanical properties for different values of F are expressed as below: 
To observe the behavior of FGM microshell under high temperatures, temperature dependency of material properties must be considered. Equation of thermo-elastic material properties with nonlinear thermal loading is a function of temperature which can be given by [21] .
where, ϒ 0 , ϒ −1 , ϒ 1 , ϒ 2 and ϒ 3 are temperature dependent coefficients which are expressed in Ref [13] .
Modified couple stress theory
According to the modified couple stress theory, the strain energy is defined as a function of gradient of rotation tensor and strain tensor. It also includes length scale parameter and two Lamé parameters. This theory was presented by Yang et al. [22] for the first time that expresses the strain energy as below:
In Eq. (3), components of symmetric rotation gradient tensor, strain tensor, stress tensor, and higher order stress tensor have respectively been donated by , s ij χ ε ij , σ ij and m ij which are given as:
, ,
In Eqs. (4, 5) u i and ϕ i are respectively the components of displacement vector and the infinitesimal rotation vector. The thermomechanical stress-strain relation including the temperature effects is expressed as follows: 
It is worth mentioning that the two thermal expansion coefficients 
xx ee z T z T z T In addition, the parameter T 0 is the reference temperature.
Displacement field for cylindrical microshell
The displacement field of the cylindrical shell along the three directions of x, θ, z based on FSTD is expressed as follows [23] :
In Eq. (8), U(x, θ, t), V(x, θ, t) and W(x, θ, t) are neutral axis displacements, and ψ θ (x, θ, t) and ψ x (x, θ, t) are rotation of a transverse normal surface about the circumferential and axial directions.
Governing equations and associated boundary conditions
To extract the equations of motion and boundary conditions of the composed model using FSDT shell model and the modified couple stress theory, components of the displacement field must be inserted in strain equations of the cylindrical FG microshell. So, substituting Eq. (8) into Eq. (4), Eq. (5) and Eq. (6), the components of the deviatory stretch gradient tensor and the strain tensor are achieved as follows: 
For the equations of the motion and boundary conditions, the principle of minimum potential energy states that [24] :
Strain energy of the FG shell based on FSDT and using the modified couple stress theory is expressed as follows:
where, the classical and non-classical forces and momentums are assumed as follows: 
Also the kinetic energy of the cylindrical shell can be expressed as:
For a typical functionally graded microshell which is exposed to high temperatures, the distribution of temperature along its thickness can be assumed linearly. Hence, the first variation of the work done corresponding to temperature changes can be expressed as [25] :
where, 1
T N and 2
T N are thermal resultants. Note that, the two thermal resultants are equal and can be expressed as:
In Eq. (16), T 0 is the ambient temperature. Considering a functionally graded microshell that the outer surface (metal-rich) is T m and the inner surface (ceramic-rich) temperature is T c , variations of temperature are defined as follows [26] :
where α p denotes the non-negative power index of temperature variation function and ΔT = T c − T m . For example, considering α p ≥ 2 the temperature variation along the thickness becomes nonlinear and considering α p = 1 the temperature variation becomes linear. 
in which K W and K p are the Winkler and Pasternak coefficients respectively. The work done by dampers on cylindrical functionally graded microshell surrounding by medium can be given by [24] :
in which C d is the damping constant. Substituting Eqs. (12), (14), (15), (18) and (19) into (11) and integrating by parts, equations of motion and boundary conditions using the modified couple stress theory and FSDT shell model can be expressed as follows: 
Also, associate boundary conditions for each nanotube are as below:
For example:
The clamp supported boundary conditions in x = 0, L:
The simply supported boundary conditions in x = 0, L:
The parameters that used in Eqs. (20) (21) (22) (23) are expressed in Eq. (13).
Solution procedure
In early 1970s, differential quadrature method was presented by Bellman et al. [27, 28] as a reliable and accurate numerical method. In this method, precision of weighting coefficients adjusted by number of grid points leads to achieving accurate responses. To limit the number of grid points in the introductory version of DQM, an algebraic equation system was used to calculate weighting coefficients. Then, an explicit formulation was derived for weighting coefficients with infinite number of grid points which was developed as GDQ [29] .
Shu and Richards [30] introduced a domain decomposition procedure for dealing with multi-domain problems. By this method, the main domain is divided into subdomains, before discretizing each sub-domain for GDQ. The r-th order derivative of the function f(x i ) is expressed as [29] :
which "n" is the number of grid points along "x" direction, and superscript "r" shows the order of the derivative. Furthermore,"C ij " is the weighing coefficient and following formulation is used to calculate it. For the first order derivative along x direction:
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where,
Also C (r) is given by: 
Chebyshev polynomials can be used to discretize the domain [31] . Substituting Eq. (28) into governing equations, following equation is achieved:
Then, GDQ is exerted into the equations of motion and the boundary conditions to obtain the mass matrix (29) is to rewrite it as the following first order variable:
In which, state vector Z and state matrix [A] are defined as:
In Eq. (31), [0] and [I] are zero and unit (identity) matrices, respectively. Eventually, the natural frequency and its mode shape are obtained.
Results and discussion
There are two parts to analyze and describe the results. The first part is verification of proposed model with previous studies and also with those obtained by analytical Navier method. The second one is related to the effect of different parameters including length scale, circumferential wave numbers, length and radius, Winkler and Pasternak foundations, damping, various boundary conditions and thermal loadings on natural frequency of cylindrical FG microshell. However, to the best of authors' knowledge, there is no research work on cylindrical micro shell with functionally graded length scale parameter which changes along the thickness and has been considered for the first time in the present study.
Convergence
The effect of the number of grid points on evaluating the convergence of the natural frequency with respect to linear or nonlinear thermal loadings, different damping coefficients, and boundary conditions (B. Cs) has been considered in Table 1 . It can be seen that the proper number of grid points to obtain independency and converged responses is n = 23. It is worth mentioning, LT and NLT mean linear and nonlinear thermal loadings respectively.
Validation of the results with other articles
To investigate the accuracy of the first three dimensionless natural frequencies of isotropic homogeneous nanoshells with different thickness, the results Table 2 [32] exhibiting the nondimensional frequency of a simply supported cylindrical nanoshell. They are in good agreement with those given by Beni et al. [32] . Table 2 shows the effect of changes in circumferential wave number: while it increases, the natural frequency increases in all values of h/R. If the length scale is zero, the results are drawn employing the classic theory which are in good adaptation with the reference [32] , otherwise if the length scale is nonzero, the modified couple stress theory has been utilized. The results reported in this table also verify the analytical results that shows the importance of the study. Another validation has been done by Ghadiri and Safarpour [33] . As Figure 2 demonstrates, there is accuracy in obtained natural frequencies of the FG nanoshell especially with increasing the length.
Validating the results with analytical method
To study the accuracy of the results, the presented responses by GDQM can be validated by the analytical method responses; in order to compare the obtained results by both methods, variations of fundamental frequency versus Pasternak stiffness in the range of 0 to 300 under linear and nonlinear thermal loadings have been reported in Table 3 . For another comparison ( Figures 3 and 4 ) between GDQM and analytical method, variations of natural frequency versus the FG power index have been indicated for both types of thermal loadings. Figure 3 shows that with considering the coefficient of dampers, there is an exceptional trend by increasing FG power index: at first, frequency increases and reaches to a peak point and then begins to decrease and eventually the natural frequency tends to be constant. Figure 4 shows that without considering the coefficient of dampers and by increasing the FG power index, natural frequency increases and eventually tends to be constant.
Parametric results
The materials for this paper are FGMs and it is assumed that they are temperature dependent; in addition, the outer surface is metal (SUS304) and the inner surface is ceramics (Si3N4). The power FG index (F) determines the variations of material properties across the thickness of the cylindrical FG microshell. The temperature-dependent coefficients have been given in Table 4 . The length scale parameter of material can be determined experimentally. This needs development of a solution based on the modified couple stress theory. Length scale parameter can be obtained by comparing theoretical results to those achieved from experiments. Adopting this procedure, the length scale parameter for epoxy is determined 17.6 μm. But in the present study, due to inaccessibility to experimental data, we can use approximated values. Length scale parameter value of the metallic phase is specified as l m = 14 μm which has been suggested in the literature [13] . Table 5 represents the frequencies of the first three modes of a FG microshell with different boundary conditions and linear and nonlinear thermal loadings. As it can be seen, with increase in length to radius ratio in all three modes, frequency tends to decrease and this is obvious in all boundary conditions. Frequency increases noticeably in higher modes in all boundary conditions. The case study with clamped-free boundary conditions has the lowest natural frequency while the nanoshell with clampedclamped boundary conditions has the highest natural frequency because of its rigidity. It is worthy to mention that the influence of boundary condition on the first frequency mode is much stronger than the second mode, and it can be said that the second frequency mode does not have the same sensitivity to boundary condition such as the first mode. This table also states that the effect of nonlinear temperature variations on natural frequency is stronger than linear temperature variations, so with applying nonlinear temperature variations, frequencies are higher in comparison with linear temperature variations which it is observable in all the modes. increase in temperature leads to decrease in natural frequencies especially with high temperature variations. The other remarkable point is related to Figure 8 , where the effect of temperature on natural frequency of clamed-free boundary conditions is less than three others. It is notable that, in clamped-free boundary conditions, with increasing temperature gradient, decrease of the frequency is less than other boundary conditions. are respectively related to clamped-clamped, clampedsimply, simply-simply and clamed-free boundary conditions; as it is obvious in all figures, with increasing the Pasternak stiffness, the natural frequencies tend to increase. Also, increase in temperature causes to decrease in natural frequencies, especially in high temperature changes. Also this kind of foundation has stronger influence on frequency changes imposed by high temperatures in comparison with Winkler. In clamped-free, frequency variations are modest. Pasternak foundation with L/R = 10, h/R = 0.1, l m = 14 μm, l c = l m , n = 1, F = 1 and linear temperature changes. Figures 13-16 respectively are related to clampedclamped, clamped-simply, simply-simply and clamedfree boundary conditions. It is clear in figures which by increasing the temperature gradient, there is a decreasing trend in natural frequency. Also increase in temperature leads to decrease in natural frequencies but the decreasing occurs with a higher rate in foundations with greater stiffness. It is observable that in clampedfree boundary conditions and temperature gradient in the range of 0 to 900, frequency variations curve has a pick which is related to the critical frequency but in other boundary conditions, this phenomenon occurs in higher temperature gradients.
The effect of length and circumferential wave numbers on natural frequency of cylindrical FG microshell in different boundary conditions and thermal loadings
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Conclusion
This paper represents the temperature-dependent vibration analysis of a cylindrical FG microshell surrounded by viscoelastic foundation. The modified couple stress theory considers size-dependency effect and GDQ method is used to solve the equations of motion. Functionally graded length scale parameter changing along the thickness has been considered for the first time in the present study. The equations of the motion and the non-classic boundary conditions are derived using Hamilton's principle. The natural frequency of cylindrical FG microshell is investigated regarding length to radius ratio, damping, Winkler and Pasternak foundations, different temperature changes, FG power index, circumferential wave numbers, thermal loadings, and boundary conditions of a cylindrical microshell. In this study, following results can be achieved: 1. Increase in the length to radius ratio and Winkler and Pasternak foundations coefficients, the natural frequency tends to decrease while an increase in the circumferential wave number and damping coefficient result to increase of the natural frequency of the cylindrical microshell. 2. By increasing the FG power index, increase or decrease of the natural frequency depends on the damping coefficient. 3. The effect of nonlinear temperature variations on the natural frequency is more than linear temperature variations; so, applying nonlinear temperature variations, frequencies go higher in comparison with linear temperature variations. 4. In the first frequency mode, the case with clampedfree boundary conditions has the lowest natural frequency because of its particular condition, while, case study with clamped-clamped boundary conditions has the highest natural frequency. 5. By increasing the temperature, the natural frequency tends to decrease, this is because, increasing the temperature leads to decreasing the stiffness and so the natural frequency of the cylindrical microshell.
